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[1] The propagation of ultra low frequency (ULF; 1-100 mHz) waves from the
magnetosphere to the ground is examined in the presence of oblique background
magnetic fields. The problem is developed analytically for a thin sheet ionosphere,
neutral atmosphere, and perfectly conducting ground. The cold plasma, ideal
magnetohydrodynamic (MHD) Alfvén wave modes are assumed to propagate in the MHD
medium above the ionosphere. A reflection and wave mode conversion coefficient
matrix (RCM) is derived which describes mixing and conversion between shear Alfvén
and fast mode energy when interacting with the ionosphere/atmosphere/ground system.
The RCM is found to depend in a complicated way on the background magnetic field
dip angle, the horizontal wave vector, and the conductivity of the ionosphere. For an
oblique background magnetic field, ~B0 in the XZ plane, the perpendicular wave number,
ky, is shown to be a critical parameter that determines reflection and mode conversion
characteristics. This study also highlights the need for spatial information of ULF wave
energy in order to interpret experimental ULF wave data recorded at ground level in terms
of magnetospheric processes. INDEX TERMS: 2736 Magnetospheric Physics: Magnetosphere/

ionosphere interactions; 2752 Magnetospheric Physics: MHD waves and instabilities; 2753 Magnetospheric
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1. Introduction

[2] Magnetohydrodynamic (MHD) waves propagate
through the magnetosphere, interact with the ionosphere
and may be detected using ground-based magnetometers.
The ionosphere, atmosphere and ground system introduces
important effects that alter the amplitude, polarization and
spatial scale of these waves. ULF waves in the magneto-
sphere have wavelengths of order the size of the magneto-
sphere and carry information regarding magnetospheric
dynamics. Remote sensing the magnetosphere using
ground-based data is only possible if the effects of the
ionosphere and atmosphere are included. Extracting relevant
information from ground-based magnetometer arrays
includes the evaluation of ULF wave polarization properties
which are known to be altered by the ionosphere [Hughes,
1974; Hughes and Southwood, 1976a, 1976b; Glassmeier,
1984]. Furthermore, instruments that obtain in situ iono-
spheric data such as HF radars and ionospheric sounders also
contain the effects of ULF wave energy [Poole et al., 1988;
Menk et al., 1995]. Therefore, a thorough understanding of
ULF wave propagation through the ionosphere to the ground
is important for researchers and users of ULF and HF waves.

[3] Even though ULF wavelengths are much larger than
the thickness of the ionosphere, the mathematical descrip-
tion of ULF wave propagation in the ionosphere and
atmosphere system is nontrivial [e.g., Hughes, 1974]. The
interaction of VLF waves with the ionosphere was inves-
tigated during the 1960s, in conjunction with radio wave
propagation studies [e.g., Budden, 1985] and various
numerical methods were developed to determine the wave
properties through the changing ionosphere layers [e.g.,
Pitteway, 1965; Altman and Cory, 1969; Nygren, 1981,
1982]. The present study develops analytic solutions for
ULF wave propagation in the magnetosphere, ionosphere
and atmosphere environment in the presence of oblique
background magnetic fields. Analytic solutions have pre-
viously been developed for the higher-frequency MHD
waves (Pc1) [e.g., Manchester, 1968]. However, at these
frequencies the waves can propagate along an Earth-iono-
sphere waveguide [e.g., Fraser, 1975]. For ULF waves, the
vertical wavelengths are much larger and the problem
becomes quite different.
[4] Dungey [1963] developed analytic solutions for the

propagation of ULF energy through the ionosphere by
dividing the problem into two parts. Any vector field may
be expressed as the sum of toroidal (divergence free) and
poloidal (curl free) fields. The fast and shear Alfvén MHD
wave modes exist in the cold, magnetized plasma of the
magnetosphere [e.g., Alfvén and Fälthammar, 1963]. The
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shear Alfvén mode has an associated field aligned current
and curl free electric field while the fast mode is associated
with the toroidal electric field. This method is still used,
particularly for studying magnetosphere-ionosphere cou-
pling [e.g., Yoshikawa and Itonaga, 2000]. Of particular
interest was the ‘ionospheric screening effect’ associated
with waves that carried field aligned current in the magneto-
sphere. Since no currents flow in the atmosphere, a dis-
continuity occurs in the ionosphere and by tracing
r�~B ¼ m0~J from the magnetosphere through to the
atmosphere, the wave fields rotate 90� for a horizontally
uniform ionosphere. Nishida [1964] showed that this
screening also applied to variations associated with storm
sudden commencements. In the electrostatic limit where
r�~e ¼ 0 in the ionosphere, Scholer [1970] showed that
the reflection coefficient for a shear Alfvén wave is,

AAstatic ¼
�a � �p

�a þ �p

ð1Þ

where the Alfvén wave conductance is �a ¼ 1
m0Va

and �p is
the height integrated Pedersen conductivity.
[5] The first comprehensive, analytic treatment of the

interaction of ULF waves with the ionosphere was reported
in a series of papers by Hughes [1974] and Hughes and
Southwood [1976a, 1976b]. Hughes [1974] developed ana-
lytic solutions in terms of the poloidal and toroidal fields of
Dungey [1963]. The simplified system assumed horizontally
uniform ionospheric conductivity, a perfect conducting
ground, vertical background magnetic field and time and
space harmonic variation fields. These papers showed the
screening of the vertical current part of the solution and the
associated 90� polarization change of the wave through
the ionosphere. Subsequent refinements for nonuniform
ionosphere conductivity showed similar effects even though
the polarization shift might be different from 90� [Ellis and
Southwood, 1983; Glassmeier, 1984].
[6] Tamao [1986] developed an analytic model in terms of

field aligned currents (FACs) that considered the effect of an
oblique background magnetic field and evaluated the con-
tribution of the horizontal component of the FAC to the
magnetic field observed on the ground. This was an electro-
static model where the inductive effect due to Faraday’s law
in the ionosphere was ignored as the frequencies were
assumed to be low (in the Pc5 range). Furthermore, the
model did not consider the effect of the ground on the
solution.
[7] A number of subsequent analytic studies have pro-

vided reflection and transmission coefficients and Poynting
flux details [e.g., Sorokin, 1986; Alperovich and Fedorov,
1992; Yoshikawa and Itonaga, 1996]. All these models
assumed a vertical background magnetic field. From middle
to low latitudes, the background magnetic field is oblique
and analytic treatments to date have not treated this case.
Prince and Bostick [1964] and Zhang and Cole [1995] have
numerically solved the equatorial case. Signatures of MHD
waves are observed on the ground at low latitudes and the
ULF wave spectra contain both fast and shear Alfvén mode
signatures [e.g., Waters et al., 1991, 1994; Menk et al.,
1994]. Analytic treatments of the propagation of MHD
waves across a plasma/vacuum interface show sensitivity
of the results for background fields near vertical [e.g., Ullah

and Kahalas, 1963]. Therefore, we expect significant differ-
ences in the treatment for vertical background magnetic
fields compared with lower latitude dip angles. In this paper
we examine the propagation of ULF waves through a
horizontally uniform, thin ionosphere where the background
magnetic field is oblique, including the effects of the neutral
atmosphere and reflection from the ground. This is achieved
by developing analytical expressions using a wave rather
than a FAC formulation and examining the reflection and
transmission properties. These are developed for compar-
ison with numerical solutions and two dimensional simu-
lations presently under development.

2. ULF Wave Model

[8] The ionosphere is approximated by a thin sheet in
the XY plane at z = 0 as shown in Figure 1. A ‘thin’
ionosphere means that the thickness of the region is much
less than the wavelength in that direction, i.e. Hz

I � lz,
where Hz

I is the thickness of the ionosphere in the z
direction. Therefore, the vertical current in the ionospheric
sheet is set to zero. The properties of the ionosphere are
described by height integrated conductivities. The magne-
tosphere is described by ideal MHD, where the field
aligned electric field is zero. In the atmosphere we assume
jatm = 0 and the ground is modeled as a perfect conductor.

2.1. Boundary Conditions

[9] Analytic solutions for ULF waves in an ideal, MHD
plasma are well known [e.g., Stix, 1962]. In the cold plasma
that populates the magnetosphere two MHD wave modes
exist. The fast (or compressional) mode is isotropic in
nature and the shear Alfvén (or torsional) mode carries
energy along the background magnetic field [Priest, 1982;
Cross, 1988]. The wave modes in the neutral atmosphere
are also well known and are described by the solution of the

Figure 1. Geometry of the magnetosphere, ionosphere and
atmosphere used for the ULF wave propagation model.
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linearized Faraday and Ampere laws. The possible wave
modes are the transverse electric and magnetic (TEM)
mode, the transverse magnetic (TM) mode and the trans-
verse electric (TE) mode [e.g., Cheng, 1983]. Given that
analytic solutions in both the magnetosphere and atmos-
phere are known, the problem is to match these solutions
across the ionospheric current sheet.
[10] The boundary conditions for electromagnetic phe-

nomena are [Cheng, 1983] (1) tangential components of ~e
are continuous across the boundary, (2) normal components
of ~b are continuous across the boundary (i.e. bz

mag = bz
atm),

(3) tangential components of~b are discontinuous across the
boundary. The discontinuity is described by

~nz � ð~bmag �~batmÞ ¼ ð0; 0; 1Þ � ð lim

z ! 0þ
~bmag? � lim

z ! 0�
~batm? Þ

¼ m0~Js ¼ m0ð jx; jy; 0Þ ð2Þ

where~Js is the current density in the sheet,~b? is the magnetic
field perpendicular to~nz and (4) the normal components of~e
are discontinuous across the boundary when a surface charge
exists. For an incident ULF wave, the incident, reflected and
transmitted components all meet at the boundary where
condition 1 implies that the incident, reflected and trans-
mitted waves must have the same frequency and the same
wavelength parallel to the boundary [Cross, 1988].

2.2. Currents in the Ionosphere

[11] The background magnetic field,~B0, is confined to the
XZ plane as shown in Figure 1 so that

~B0 ¼ B0 cosðIÞ; 0; sinðIÞ½ � ð3Þ

The current density in the ionosphere is related to the
electric field by the conductivity tensor. The oblique ori-
entation of the background magnetic field complicates the
elements of the conductivity tensor compared with vertical
or horizontal cases. Assuming that the ionosphere is hori-
zontally uniform, the conductivity tensor for an oblique
background magnetic field is

��¼
�d cos

2ðIÞþ�p sin
2ðIÞ �hsinðIÞ ð�d � �pÞ sinðIÞ cosðIÞ

��h sinðIÞ �p �h cosðIÞ
ð�d � �pÞ sinðIÞ cosðIÞ ��h cosðIÞ �d sin

2ðIÞþ�p cos
2ðIÞ

2
664

3
775

ð4Þ

where �d, �p and �h are the height integrated direct,
Pedersen and Hall conductivities respectively.
[12] The first-order perturbation currents in the iono-

sphere are

j Ix ¼ s11e Ix þ s12e Iy þ s13e Iz ð5Þ

j Iy ¼ s21e Ix þ s22e Iy þ s23e Iz ð6Þ

j Iz ¼ s31e Ix þ s32e Iy þ s33e Iz ¼ 0 ð7Þ

where sij is the ith row and jth column element of the height
integrated conductivity tensor, ��, in (4). The first-order
perturbed electric fields arising from ULF wave energy in
the ionosphere are ex

I, ey
I and ez

I. Equation (7) sets jz
I to zero

since the current sheet is parallel to the ground. From (7) the
vertical electric field in the ionosphere is

e Iz ¼ �
s31e Ix þ s32e Iy

s33
: ð8Þ

2.3. Boundary Equations

[13] The boundary conditions may be expressed in terms
of the electric fields in the atmosphere and magnetosphere.
Define a symbol � such that

�F ¼ lim

z ! 0þ
Fmag � lim

z ! 0�
Fatm ð9Þ

where Fmag and Fatm indicate magnetospheric and atmo-
spheric variables respectively. The boundary condition
given by (2) becomes,

~nz � ð�~bÞ ¼ ð��by;�bx; 0Þ ¼ m0ð j Ix ; j
I
y ; 0Þ ð10Þ

[14] Assuming a temporal dependence of e�iwt, Faraday’s
law is

iw~b ¼ r�~e: ð11Þ

The importance of the inductive effect from (11) is a recent
development in magnetosphere/ionosphere coupling [e.g.,
Yoshikawa and Itonaga, 1996] and we also include this term.
The contribution from iw~b on the solution depends on the
frequency of the waves. For Pc5 (1–5 mHz) the influence of
(11) is minimal. However, for frequencies in the Pc3 (20–100
mHz) range, routinely observed at mid to low latitudes, the
inductive effect becomes important.
[15] The transverse magnetic field perturbations from (11)

may be substituted into the boundary condition given by
(10) and using (5) to (9),

m0 s11 þ
s31s13
s33

� �
e Ix þ m0 s12 þ

s32s13
s33

� �
e Iy

� i

w
lim

z ! 0þ
@emx
@z

� @emz
@x

� �
� lim

z ! 0�
@eax
@z

� @eaz
@x

� �� �
¼ 0

m0 s21 þ
s31s23
s33

� �
e Ix þ m0 s22 þ

s32s23
s33

� �
e Iy

� i

w
lim

z ! 0þ
@emz
@y

�
@emy
@z

� �
� lim

z ! 0�
@eaz
@y

�
@eay
@z

� �� �
¼ 0

Equations (12) and (13) specify the relationship between the
electric fields near the thin sheet ionosphere boundary and
they involve the electric fields in the magnetosphere and
atmosphere. The electric fields in the magnetosphere for
oblique background magnetic fields are developed next,
followed by expressions for the electric field in the
atmosphere.

2.4. Wave Properties in the Magnetosphere

[16] For ideal MHD conditions, any electric field must be
perpendicular to ~B0 (i.e. ek = 0). When ~B0 is oblique and in
the XZ plane,

(12)

(13)
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ek ¼ ex cosðIÞ þ ez sinðIÞ ¼ 0 ð14Þ

and so

ez ¼ �ex cotðIÞ: ð15Þ

The two cold plasma, ideal MHD, wave modes may be
identified by the relationship between the electric fields and
wave numbers. Assuming an eiðkxxþkyyÞ horizontal wave
structure, the fast (or compressional) mode has

r �~e ¼ 0 r�~eð Þk6¼ 0 ð16Þ

and the dispersion relation is [eg. Cross, 1988]

w2

V 2
a

¼ k2x þ k2y þ k2z;f : ð17Þ

The vertical wave number for a fast mode is,

kz;f ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

V 2
a

� k2x � k2y

s
: ð18Þ

From (15), (16) and (18) the electric field associated with
the fast mode is,

e f ¼ b �ky sinðIÞ; kx sinðIÞ � kz; f cosðIÞ; ky cosðIÞ
� �

ð19Þ

where b is a complex constant and I is the dip angle of the
background magnetic field.
[17] For a shear Alfvén mode

r �~e 6¼ 0 r�~eð Þk¼ 0 ð20Þ

and the dispersion relation is

w2

V 2
a

¼ kx cosðIÞ þ kz;a sinðIÞ
� �2 ð21Þ

Therefore, the vertical wave number for the shear Alfvén
mode is

kz;a ¼
� w

Va
� kx cosðIÞ
sinðIÞ ð22Þ

For oblique ~B0, (22) shows that the shear Alfvén mode has
two different wave numbers in the vertical direction. From
(20), (15) and (21) the electric field associated with the
shear Alfvén mode is

ea ¼ a ðkx sinðIÞ � kz;a cosðIÞÞ sinðIÞ; ky;�ðkx sinðIÞ
�

�kz;a cosðIÞÞ cosðIÞ� ð23Þ

where a is a complex constant.
[18] The total electric field in the magnetosphere is a

superposition of the incident and reflected waves. There-

fore, from (19) and (23) the total electric field components
are

emagx

emagy

emagz

0
B@

1
CA ¼ ar~Pr

a þ ai~Pi
a þ br~Pr

f þ bi~Pi
f ð24Þ

where a denotes the shear Alfvén mode, f is the fast mode, i
denotes incident and r is for the reflected wave. Therefore,
~Pd
m denotes the unit vector in the direction of the electric

field of the appropriate MHD wave mode. The a and b are
amplitude factors from (19) and (23). This superposition of
the magnetospheric electric field allows the wave fields and
their derivatives to be expressed in terms of the composition
of MHD wave modes present in the magnetosphere. The
polarization of each wave mode is contained in the ~Pd

m.

2.5. Wave Properties in the Atmosphere

[19] No currents flow in the neutral atmosphere and
Maxwell’s equations give,

m0�0
@2~e

@t2
þr2~e ¼ 0 ð25Þ

so that

katmz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2

c2
� ðk2x þ k2y Þ

r
: ð26Þ

The boundary conditions at the ionosphere/atmosphere
interface specify continuity of the horizontal electric fields
at z = 0 so that

eatmx ð0Þ ¼ eionx ð0Þ ¼ emagx ð0Þ and eatmy ð0Þ ¼ eiony ð0Þ ¼ emagy ð0Þ:
ð27Þ

At the neutral atmosphere/ground interface, the ground is a
perfect conductor at z = �d so that

eatmx ð�dÞ ¼ eatmy ð�dÞ ¼ 0: ð28Þ

Assuming that kx
2 + ky

2 > w2

c2
, the solution in the atmosphere is

given by

eatmx ¼ gx
sinhðikatmz ðzþ dÞÞ
sinhðikatmz ðdÞÞ eiðkxxþkyyÞ ð29Þ

eatmy ¼ gy
sinhðikatmz ðzþ dÞÞ
sinhðikatmz ðdÞÞ eiðkxxþkyyÞ ð30Þ

eatmz ¼ gz
coshðikatmz ðzþ dÞÞ
sinhðikatmz ðdÞÞ eiðkxxþkyyÞ ð31Þ

where gi is a complex constant and represents the amplitude
of the component of the wave just below the current sheet
(i.e. at z = 0�). Given the continuity of horizontal electric
fields through the ionosphere, we can express the amplitude
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of the atmospheric electric fields just below the current
sheet as

gx ¼ emagx ð0Þ ¼ aiPi
x;a þ arPr

x;a þ biPi
x;f þ brPr

x;f ð32Þ

gy ¼ emagy ð0Þ ¼ aiPi
y;a þ arPr

y;a þ biPi
y;f þ brPr

y;f ð33Þ

gz ¼
�kxgx � kygy

katmz

ð34Þ

where gz has been calculated from r �~eatm ¼ 0 and the
boundary conditions given in (27).

2.6. Reflection and Wave Mode Conversion
Coefficient Matrix

[20] Substituting (29) to (31) and (24) for z = 0 into (12)
and (13) gives

�r ar

br

� �
¼ �i ai

bi

� �
ð35Þ

where �i and �r are 2 by 2 matrices of the form

� ¼ a b

c d

� �
ð36Þ

where

a ¼ S11Px;a þ S12Py;a �
Pz;akx

w
þ Px;akz;a

w

þ
kxxz;a
w

tanhð�ikatmz dÞ � katmz Px;a

w
tanhð�ikatmz dÞ ð37Þ

b ¼ S11Px;f þ S12Py;f �
Pz;f kx

w
þ Px;f kz;f

w

þ
kxxz;f
w

tanhð�ikatmz dÞ � katmz Px;f

w
tanhð�ikatmz dÞ ð38Þ

c ¼ S21Px;a þ S22Py;a �
Pz;aky

w
þ Py;akz;a

w

þ
kyxz;a
w

tanhð�ikatmz dÞ � katmz Py;a

w
tanhð�ikatmz dÞ ð39Þ

d ¼ S21Px;f þ S22Py;f �
Pz;f ky

w
þ Py;f kz;f

w

þ
kyxz;f
w

tanhð�ikatmz dÞ � katmz Py;f

w
tanhð�ikatmz dÞ: ð40Þ

Pc,m indicates the MHD mode and the spatial component of
the unit vector, xz;a ¼ �ðkxPx;a þ kyPy;aÞ=katmz and xz;f ¼
�ðkxPx;f þ kyPy;f Þ=katmz . The �i and �r depend upon
whether the wave is incident or reflected from the
ionosphere. Vertical wave numbers for the fast and shear
Alfvén modes and the vertical wave number in the
atmosphere are kz,f, kz,a and kz

atm respectively. The Si,j

represent terms involving the conductivities of the iono-
sphere for an oblique ~B0 where

S11 ¼ m0 s11 þ
s31s13
s33

� �
ð41Þ

S12 ¼ m0 s12 þ
s32s13
s33

� �
ð42Þ

S21 ¼ m0 s21 þ
s31s23
s33

� �
ð43Þ

S22 ¼ m0 s22 þ
s32s23
s33

� �
: ð44Þ

From (35), the amplitudes of the reflected MHD modes are

ar

br

� �
¼ �rð Þ�1�i ai

bi

� �
¼ �11 �12

�21 �22

� �
ai

bi

� �
ð45Þ

In terms of (37)–(40),

�11 �12

�21 �22

� �
¼ 1

ardr � brcr
aidr � cibr bidr � dibr

�aicr þ ciar �bicr þ diar

� �
ð46Þ

where the subscripts r and i indicate where the reflected or
incident forms of a,b,c and d are to be used.
[21] The resultant 2 by 2 RCM matrix contains the

elements, �ij, which describe the reflection and mode
conversion properties of ULF waves for the combined
ionosphere/atmosphere/ground system. The elements of
the RCM are defined by (37)–(40) and (45). The contribu-
tion of the incident shear Alfvén mode in the reflected shear
Alfvén mode is determined by �11, the contribution of the
incident fast mode in the reflected shear Alfvén mode is
determined by �12 and so on. The �ij shall be denoted by
AA, FA, AF and FF to be consistent with previous studies
and to indicate more readily the combination of modes
involved. They all depend on dip angle, the three iono-
spheric conductivities, ULF disturbance wave numbers,
wave frequency and the height of the ionospheric current
sheet above the ground. The RCM provides important
information regarding ULF mode conversion and reflection
characteristics. However, measured quantities are the elec-
tric and/or magnetic field perturbations which must be
constructed using both (24) and (45).

3. Properties of the Reflection and Wave Mode
Conversion Coefficient Matrix

[22] The spatial structure of ULF waves in the presence of
oblique ~B0 has important effects on the reflection and mode
conversion properties. The wave structure in the horizontal
plane may involve complex wave numbers. However, in the
following results both horizontal wave numbers have been
constrained to real numbers. Since ~B0 lies in the XZ plane,
the projection of the horizontal wave number onto an
oblique ~B0 has a significant effect on the RCM. For non
vertical ~B0 there is a projection of the horizontal wave
number in the direction of the background field only if
kx 6¼ 0. The vertical wave number for the shear Alfvén
mode, kz,a, depends on the choice of kx, while for the fast
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mode, the vertical wave number, kz,f depends on both kx and
ky, according to the appropriate dispersion relations given
by (17) and (21). In the following results the wave numbers
are chosen so that both the fast and shear Alfvén modes
propagate.

3.1. Variations in Horizontal Wave Number

3.1.1. kx 6¼6¼ 0, ky == 0
[23] The modulus, real part and phase of the four ele-

ments of the RCM, as a function of magnetic field dip angle
for fixed horizontal wave numbers, conductivities and
frequency are shown in Figure 2. The horizontal axis
represents Northern Hemisphere (-ve) through to Southern
Hemisphere (+ve) dip angles. The magnitude of AA for
kx ¼ w

2Va
and ky = 0 shows little variation with dip angle and

is close to unity. Similar trends are seen in the modulus and
real part of FF. The contribution of the incident shear Alfvén
mode to reflected fast mode, AF, is small but has a
maximum for vertical ~B0. The contribution of the incident
fast mode to reflected shear Alfvén mode, FA, is also small
and this is the case whenever ky = 0. All coefficients show a
180� phase change around dip angles of ±60�. If the
magnitude of kx is increased (decreased) then these phase
changes occur at more equatorial (poleward) dip angles. FF
is symmetric about the equator in all cases where ky = 0.
[24] In order to appreciate the structure of the total wave

fields in the MHD medium, consider the case of an
incident shear Alfvén wave only and AF = 0. The absolute
value of AA indicates amplitude change on reflection.
Combining this with the phase of AA determines the
polarization of the total wave field. When more than one
reflection coefficient is nonzero, a polarization state may
be defined for each combination of Alfvén and fast mode,
incident and reflected. The total wave field in the MHD
medium is the superposition of the product of the wave
amplitudes (a, b) with their respective polarization states,
Pm
d, according to (24).

3.1.2. kx == 0, ky 6¼6¼ 0
[25] Setting ky 6¼ 0 has a pronounced effect on the RCM

as shown in Figure 3. Both AA and FF exhibit maxima
when~B0 is near vertical and horizontal (equatorial). Minima
appear near I = ±60� and these move to other dip angles
according to ky. As ky increases (decreases), the minima
occur at more equatorial (poleward) dip angles. These
minima correspond with transitions from 180� to 0� phase
reflection. The transition from 180� to 0� reflection for FF is
smoother compared with Figure 2.
[26] Both AF and FA are very small when ~B0 is vertical.

The maxima in |AF| occur where |AA| has local minima and
|AF| decreases to zero for an equatorial magnetic field. The
magnitude of FA remains close to unity for low and
midlatitude dip angles although |FA| decreases in this region
as ky decreases. This indicates that the contribution of the
incident fast mode converted to reflected shear Alfvén
mode (FA) is greater than AF for low and midlatitudes
but this has a ky dependence. The AF coefficient is
predominantly real so the phase is zero for all dip angles.
In all cases when kx = 0 the RCM coefficients are
symmetric about the equator.
3.1.3. kx 6¼6¼ 0, ky 6¼6¼ 0
[27] The dependence of the elements of the RCM on

magnetic field dip angle for nonzero kx and ky is shown in

Figure 4. Comparing Figures 2 through 4 shows that the
wave number perpendicular to the plane of the background
magnetic field, ky, is the dominant influence in determining
the dependence of the RCM elements on dip angle. While
FA and AF show an asymmetry about the equator, |AA|
and |FF| are symmetric. A non zero kx and ky gives an
asymmetry about the equator in FA and AF as a function of
dip angle. In Figure 4 the dip angles where |FF| and |AA|
show minima depend on both kx and ky and are now shifted
from ±60�.

3.2. Variations in Conductivity

[28] Variations in the height integrated conductivities
were found to have quite complicated effects on the
elements of the RCM for all dip angles. As shown in
the previous section, the elements of the RCM also
depend on the wave numbers. In order to highlight the
effect of conductivity changes, representative horizon-
tal wave numbers of kx ¼ ky ¼ w

2Va
have been chosen. In

this case, there is a component of the wave number
perpendicular to the plane in which ~B0 varies (non zero
ky). Having fixed the wave numbers, we may vary the
height integrated Hall and/or Pedersen conductivities and
plot the RCM elements as a function of dip angle. Typical
day time, height integrated conductivities are about �p,h =
10 S. In order to show the marked changes of the RCM
with conductivity, values for both �p,h = 10 and 1 S are
included.
3.2.1. �p = 1 and 10 S, Vary �h

[29] The variation of the elements of the RCM as the
height integrated Hall conductivity was varied from 0.1 to
100 S is shown in Figure 5. The left-hand panels are for
�p = 1 S while the right-hand panels are for �p = 10 S.
As �p increases, the RCM becomes less dependent on
changes in �h. The variation in |AA| with conductivity for
vertical dip angles agrees with those shown by Yoshikawa
et al. [1999] where the minimum value of |AA| depends
on �p. For the larger �p (right-hand panels), any slice at
constant �h would correspond with Figure 4. Minima in
|AA| correspond with maxima in |AF| around ±50� dip
angle. The asymmetry in |AF| is due to the non zero kx in
the shear Alfvén mode dispersion relation giving asym-
metric kz,a. If kx changes sign, then the magnitude and
phase variations flip around the I = 0 line. If kx = 0 then
the results are symmetric around the equator. Variations in
the wave numbers change the dip angles where maxima
and minima in the RCM occur.
3.2.2. �h = 1 and 10 S, Vary �p

[30] The reflection coefficient in the electrostatic limit, of
the shear Alfvén mode for vertical ~B0 involves the Pedersen
conductivity according to (1). This can be compared with
our AA which includes both inductive and oblique ~B0

effects. The variation of the elements of the RCM as the
height integrated Pedersen conductivity was varied from 0.1
to 100 S is shown in Figure 6. The reflection coefficient in
(1) is zero when �a = �p which for the values chosen is 0.8.
For vertical ~B0 and small �h (left-hand panels), |AA| shows
a minimum close to 0.8, in agreement with the electrostatic
limit. For the larger �h (right-hand panels), the inductive
effect modifies the RCM so that the vertical ~B0, |AA|
minimum is non zero and shifted to �p = 2.1. The
asymmetry in |AF| and |FA| about the equator highlights
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Figure 2. Reflection coefficient matrix elements for kx ¼ w
2Va

, ky = 0, ionosphere height, d = 1.25 � 105

m, Alfvén speed, Va = 2pd, direct height integrated conductivity, �d = 1,000,000 S, Pedersen height
integrated conductivity, �p = 10 S, Hall height integrated conductivity, �h = 20 S and ULF wave
frequency, f = 20 mHz. The electrostatic value from (1) for AA in this case is AAstatic = �0.85.
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Figure 3. Reflection coefficient matrix elements for kx = 0, ky ¼ w
2Va

, ionosphere height, d = 1.25� 105 m,
Alfvén speed, Va = 2pd, direct height integrated conductivity,�d = 1,000,000 S, Pedersen height integrated
conductivity, �p = 10 S, Hall height integrated conductivity, �h = 20 S and ULF wave frequency, f = 20
mHz. The electrostatic value from (1) for AA in this case is AAstatic = �0.85.
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Figure 4. Reflection coefficient matrix elements for kx ¼ ky ¼ w
2Va

, ionosphere height, d = 1.25 � 105 m,
Alfvén speed, Va = 2pd, direct height integrated conductivity, �d = 1,000,000 S, Pedersen height
integrated conductivity, �p = 10 S, Hall height integrated conductivity, �h = 20 S and ULF wave
frequency, f = 20 mHz. The electrostatic value from (1) for AA in this case is AAstatic = �0.85.
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Figure 5. Reflection coefficient matrix elements for kx ¼ ky ¼ w
2Va

, ULF wave frequency, f = 20
mHz, Alfvén speed, Va = 2pd, �d = 1,000,000 S, �p = 1 S (left-hand panels) and �p = 10 S (right-
hand panels), �h = a for 0.1 < a < 100 S.
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Figure 6. Reflection coefficient matrix elements for kx ¼ ky ¼ w
2Va

, ULF wave frequency, f = 20
mHz, Alfvén speed, Va = 2pd, �d = 1,000,000 S, �h = 1 S (left-hand panels) and �h = 10 S (right-hand
panels), �p = a for 0.1 < a < 100 S.
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the dependence of wave mode conversion on conductivity
and hemisphere.

4. Discussion

[31] The relationship between the ~B0 dip angle, iono-
sphere conductivity and ULF wave reflection and con-
version for various horizontal wave structures is quite
complex. The actual expressions for the various influen-
ces and their importance are all specified in the elements
of the RCM given by (37)–(40), complicated by multi-
plication of the inverse matrix as specified in (45).
Simplified analytic expressions for each coefficient may
be obtained for vertical and horizontal magnetic fields
and/or zero wave numbers. When all these parameters are
non zero, the analytic expressions become very compli-
cated and we resort to numeric solutions of (45). The
general trends and relationships between the various
parameters can be deduced from two dimensional plots
such as Figures 5 and 6. In this section, we discuss ULF
wave reflection and conversion in the presence of oblique
~B0 by considering the wave electric fields in the various
media.
[32] Assume that a unit amplitude, shear Alfvén or fast

mode ULF wave is incident from the MHD region. The wave
electric fields in the atmosphere, ionosphere and magneto-
sphere may be found using (24) and (45). The boundary
conditions specify that the horizontal electric fields across the
ionosphere boundary are continuous. However, the vertical
component of the electric field in each region may be differ-
ent. The difference between the vertical electric field in the
atmosphere and magnetosphere indicates a charge density in
the ionosphere. These parameters are shown in Figure 7 for
the case where kx ¼ ky ¼

w
2Va

and for �p = 10 S with �h

varying from 0.1 to 100 S. The RCM elements for these
parameters are shown in the right-hand panels of Figure 5.
There are regions where the vertical electric fields in the
magnetosphere differ from those in the atmosphere with the
associated charge separation in the ionosphere. The asym-
metry around I = 0 depends on the value of kx. For the case
where the incident ULF energy is a mix of the two modes,
the variation of vertical electric fields and charge with
magnetic field dip angle would be a proportional mix of
these plots. For both incident ULF wave modes, the vertical
electric fields diminish when �h is approximately equiv-
alent to �p.
[33] For a vertical ~B0, the vertical electric field is zero in

the magnetosphere while the free charge at the boundary is
large due to a vertical electric field in the atmosphere
(Figure 7). If there is no shear Alfvén mode in the magneto-
sphere then r �~e ¼ 0 in both the magnetosphere and
atmosphere. Since kx, ky, ex and ey are continuous across
the boundary, then ez = 0 in the atmosphere with no
difference in the vertical electric fields across the boundary
as seen for the incident fast mode case. Therefore, for
vertical ~B0, the magnitude of the charge depends on the
presence of the shear Alfvén mode where r �~e 6¼ 0. The
magnitude of the difference in ez is larger near vertical ~B0

for incident shear Alfvén waves while for the fast mode, the
difference in ez is larger for midlatitudes. For a given
frequency, conductivity and wave number, the variation of
the dip angle is sufficient to alter the reflection and mode

conversion properties so that for oblique~B0 the charge at the
ionosphere boundary also depends on a non zero ez in the
magnetosphere.
[34] In a simplified model, there are a number of approx-

imations that are necessary so that the problem may be
solved. For the analytic treatment of ULF wave propagation
through a thin sheet ionosphere in the presence of oblique
magnetic fields, the following simplifications have been
included:
1. The vertical current in the thin sheet ionosphere is zero.

We expect this approximation to be more serious for dip
angles near zero. ULF wave propagation for equatorial
magnetic fields has been treated by Zhang and Cole [1995]
and Waters et al. [2001].
2. The incident and reflected ULF wave polarization is

linear. The more general case for circular or elliptical
polarization of the incident wave requires complex
horizontal wave numbers. The mathematical development
in this paper allows for complex wave numbers.
3. Both ULF wave modes propagate in the MHD

medium. In reality, the fast mode may become evanescent
particularly where the Alfvén speed increases in the upper
ionosphere. Nonpropagating modes ðkx; ky > w

Va
Þ are easily

treated for vertical dip angles as shown by Yoshikawa and
Itonaga [1996].
4. The atmosphere only contains evanescent, TEM wave

modes. This is a reasonable approximation for frequencies <
100 mHz. However, for higher frequencies (e.g., Pc 1),
propagating TE and/or TM wave modes may exist with the
additional possibility of an ionospheric waveguide [e.g.,
Manchester, 1968].
5. The ionosphere conductivity is horizontally uniform

and the horizontal wave numbers are constant throughout the
model. Uniform horizontal conductivity is a standard
approximation in these types of problems [e.g., Hughes,
1974]. The introduction of non uniform horizontal conduc-
tivity alters the wave polarization properties by introducing
additional electric fields at the conductivity discontinuities
[e.g., Glassmeier, 1984]. Keeping the horizontal wave
numbers constant across the thin sheet may be justified, in
the uniform conductivity case, from arguments based on
Snell’s law.
[35] The RCM elements show changes around a dip angle

of 60�. This is particularly noticeable for kx = 0 and
kx ¼ ky ¼ w

2Va
(Figures 3 and 4). This feature depends on

the magnitude of ky and involves the multiplier of w
Va
. The

dispersion relations, RCM elements and polarization vectors
all contain cos(I ) and sin(I ). If we set cos(I ) equal to the
multiplier, which was 0.5, then I = 60�.

5. Conclusion

[36] Wave properties from the interaction of ULF
waves with the magnetosphere-ionosphere-atmosphere
system in the presence of oblique background magnetic
fields have been investigated. The reflection and mode
conversion characteristics are defined by the RCM which
contains complicated expressions that depend on wave
frequency and wave numbers, ionosphere conductivity
and magnetic field dip angles. The value of the wave
number perpendicular to the plane that contains the
background magnetic field (ky) has a major effect on
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the RCM. The results show that reflection properties for
vertical fields (high-latitude regions) can greatly differ
from those at lower latitudes, due solely to the back-
ground magnetic field dip angle. These are highly
dependent on the spatial structure of ULF wave energy
and experimental estimates of these parameters are
required. Further work is focusing on a more realistic
vertical ionosphere profile and numerical solutions. The
assumption of ideal MHD conditions at the top boundary
of the model is also under consideration.
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